2, Units, inverses, and homotopes

The delfining conditions for a unlt or inverse can be phrased in Jordan
terms, and sinee left multiplicatiens respeact Jordan products they respect
inverses. Indeed, laft Moufanp division algebras are exacrly characrerized
by the Left Inverse Property L_K_1 . L;l. Inverses don't interacl so nicely
with right multiplications. Heomotopos too work well on the left but net the

1)

i 5 i e ;
richl; a Taft homatops A remains leaft Moufang, but a two-sided homotopeo

.ﬁ_fu ) may mok.

Units

An element u dis an (ordinary) uni-t for A4f ux = =0 = = for all

¥ € A. An clement is a Jordan pnit if UU.U. =i L!xu = x"l Bt L

2.1 Fropositicn. M oelement u 1z an ordinarvy unitc 185 it i=z a Jordan

unllc.

Prool. Clearly if ux = xu = x for all x we will have Uu:r: = ui{xu)
=ux =x and U n = x{ux) = xx = x . Conversely, 1£ v is a Jordan unit
2 2 L 2
then v =T u = u 50 xua =L uw =1L Lu=muoufm = ufxu} =1Tx = x
1n lH{ny= 1w u { i {xu} 1

and therefore ux = u(xu) = ux=x teo. B

2,2 Proposition, A has a uwnit if eithey one of

L+

(43 come I o gurjoctive
b

(1i) Soma Lv,‘R].L arg surjeclbive,

Proof. 3ince U}: = L};R__, (ii) implies (i)}, so we show oaly thag {i)
S

implies Lhe existence of a nnil.



There must be a v such that x = txy, and ¥y = ”HZ for some z. Then

LLTL =1L, =L shows LL =TanT. A=A (if U =L R is surjectiwve
XYy X Ulx)y X Xy = x he B 3
so is T ), and then L = L L L injective implies L_ injective too, so L

* ¥ B X - g ®
and I‘v ere inverses. Set u = yx. This u is a left unit zince Lu = I'y-:-c

= 1. gl 1 = L-LEL.= L, & i st e Far ady — 17
v (yx) ] LX{'-.-'EK} L‘x .‘."I‘r" 7 L, and a righe wnit since for asny a L:{J

in A we have au = x{b(xu)} = xibx} = a by xu = x(yx) = =. B

2.3 Remark. It is an open questicen whether the existence of a bijective
left muleiplication implies rhe existence of a laflt wmit, i.e.,
some T hijective = sone L, = L

The answer is "yes" for algebraic algehras (see Problem Set IV.2.1).

Invarsas
Two elements x,v are (ordinary) (nWerses in a unital alecsbra A if
- ; 2
xy = ¥ = 1l: thay are Jordan inverses if Ux}" = :H, T_Tx:,' = 1.
Z.4 Theorem, The [ollewing are equivalent In a unital left Moufang algebra A:
(i} X,y are imverses
(1) %,y are Jordan inversas
(111 T"::’Lv are inverses.
In this rcase the inverse v = 1-:_1 Is unique, and
~1 =1 =1 e W [ b !
L jg=®RU"“" =L, R 4y=LU"=LR L™, U_;=10"%.
by T x b4 xR X'x X A bls

Proof. {Y=p(ii): if =y = yx = 1 clearly T__‘xj.' = %lyx) = x and
2 7
ij; = xf{yvxl = xfviyad}: = xv = 1.

(i1 ==(iii): since x - L'x is 2 monomorphism A -+ End(A) of quadratic

algebras, inverses x,v in & ge intn inverses L‘{,I}_ in End{a):



LLL =L L. LL = T ghows !_'}{ ig inverkible with inverse I_'_,r In End A,
i 2.7 foz k

(1ii) =2 (Li): 1 = L'{L‘.fl = xy and similarly 1 = v,

In this case UY?._T T = 1]

. = {hy tne
v X Uy KRR

T and T =1 . =

1o AT U}-’ }1_2 i ]U{'X)}'E
-1

= 1T 7, We hawve
o

Findamental Formala (1.5)) dimply ”x'Uv ATe Inverses, U}:_-,

e o =t P by Fibldy and B o ¥ Sl Bl T Y Danedilingdi
-4 = o o A Mo o
st
LRk U =0 40 =TI gives KR -1 = LU "} since L_and T = L R are
¥ LTy L b3 x X 5 bl p
W S A ) e R S
iavertible, so is Rx’ thus f_l}: = R}: L:: an R}:'l = J_.Ki{:{ i . B

. =, .
Wote that if A Is not alternative we need nort have Rx_-] = H\: » Al thoush
: : ; el S . : ; ;
I~!er ig invertihle when % is; indeed HK coincides with its conjupsle
il
B g =~LE L iff L and R commute,
®e E x x B

Tha cenditions or an element feor it to he invertible are given hy

2.5 (Inverse lheorem). The follewing are equivalent for an slemenl = ol
a wunitsl left MouTang algebra:
(L) = is invertible, xy = yx = 1 [or sowms y
(ii) wz = yx = 1L for some v,z
(ii3) 1 & Rango T-X{""I Range R,
(iv] 1 & Rangpe U:-c
(&) L}:’Rx are invertible

{wi) i_[}_ iz invertihle.

Proof. Clearly (il=2 ({i)g®(iii), and (ii) = (i) since it implies
xy = 2oy(xe)} = {xfvxdlz = xz = 1, Clearly (vi=S(vi)=(iv), znd uwe
remarked [i)ﬁf {wv) after the previois theorem; (iv)=2x(vi) since LT
sz = 1 then 12_T}:L'ZU}C = I {via the Fundamental Formula (1.5}) shows lTx 1as

o : sishe im v o) il =% then U T U =1 Lmplies
left and vight inverse; (vi)=p(i) since if oY b en U i . lmplies

Wl = Ty T ,_,2 =1 U1=1, xis Jordan invertible and hance (by the previous
o o X ¥

theorem) invertible. [



UatuTHN‘y ennugt, W Jeﬂlne a unltal !eJt Lﬁutanﬁ aichra =ie] Lc a

dlivigian ﬂ..llae.'ﬂrﬂ.. if all of lts nonzero elemsnts are imvertible. Iy (2.5v)
this ecpipcides with the senzral definition eof a nonassociative divisien

algebra as one in which all Lx,R‘ are invertible,

Az in the case of alternative alpebras, closeness to belng a division

algebra is mzasurad by the inner (rather than one-gidad) ideals,

e
m
a4

2.6 (Division Algehre Critevion) A undital left Moufang algehkra

division algzsbra LEf it has ne proper ioner ideals,

Pronf, A diwvislon algebra has no prover inner ideals, sines any cima
arn inner ideal B contains an invertible salement x 1t must be the whole algebra:
B0 A=A oy dovertibility of U .

X 3 K

If A is mndtal and has no proper inner ideals then each principal inner
ldeal Hxﬂ is 0 er A. If UyA = 0 then Y% is already an fonoer idesl, conmisling
entirvely of trivial elemsnts; since it doessn't contaln L 1t can't he all of A,

N dmolies x = 7, or pub another way = # 0 implies

so it must ke 0. Thus Uxé

7 A # N [in which rcase U A
4 '}':

A by impropriety, ane x ig Invertible by the
Inverse Thearem (2.51v)). Consequently all = ¢ @ are invertible, and A is a

division algebhra, @

Inwerses can he used fo chavacterize left Moufane alpehras. A non-—
associative divigicn ring Ls sailid to have che I-t#'f' InVErTE prgﬂ-ti"‘f'j

. . -1 . .
it for ecach clement x 7 0 there is an clemnont = satisfving

- -1
(2.7 O (Ey) = v (x # 0, 211 ¥)



(p]
1
A

LT{_1 L:-c =ik

Then Lﬁ—l lisg a laft ilowverse L{K_l}_l and alsn a viphl inverse Lx’ LR Lx‘l
1s invertible. Butb then the ahove relaticons says L -1 is the (twa—-sidad)
: x

jnverse of Lx’ so the left ioverse property is equivalent to the sxistsnoe

" : ] ;
for each = of an x  with
(2.8 = = %,
! 3 L‘x"l Lx {x £ 0)
This shows = = is uniquely detzrmined as the left inverss of =,
we = 1y = o

y = =1 =1
ce x'x o= 1=, = [ = =, = Tisy
sin x'x i 2 xTL:{ fo}t'};] L:‘;:ﬁl_:{, ]'_:'L I:{_I#}: x .

2.9 (left Inverse Property Theorem). 4 nonassaciative algeora has the left

inverse propervty 1[0 it 1=z a lefi Mowfang division algehra.

Proefl. Our previous work on inwverses has shown every left Moufang
givision algsbra has the left inwversze preparty. Conversely, assume A has the
left inverss propartv.  [n Problem Set [.4.]1 we have already indicatad ons
way to derive the left Moufang formula,

The basic [dea is simple:! Hua's formala savs =vx can be buill ont of
subtractlon and inwversion, so any map prescrving these opervaticons will preserve
®xvx. Bul Lhe map x == TJT{ preserves subtraction LK-}' = I.].I—T_.:"r by lisearicy,

: -1
and prescrves inversces Lx_l = Lx bw the Lelt Inverse Froperby (2.8}, =0 iL

mirsl. praserve xyw and we have left Moufangitivity L

& Il de by
() x{ Vo

Thus the key 1=



. . =1 : .
2,10 (Hua's Identizy) If x,y,xv =~ are invertible elements of an

associlative algebra then x—%vx is also invertible, with

{x—xvx}_L = x_l—(ﬁmy_lhul.
Alternataly,
.=l
= x—{x_L—{x—?ﬂlj_L} .

| - 1 : 3
Proof, We must show a = x-uvx and b = = —{x—v are inverses. Hut

ab = ax"l—afx—y_lj—l

= { (ewwdnt ={ay (5 Tma) } (zemy 1) 7T

= (l-xy)sxy = 1
and

Lba = & Ta-i{x

-1 . =
=y 1) L,

1

I D P,
T iy T—=)vx!

= x_lfx(l—yx}}-ﬂxuy

(Q-yx)ivx = 1. A

; . s 2 ] ) F -] ;
Apolying Hua's ddenticy to the invertible alsments LX‘LV‘Lw_Lv of ths

f . : ) s
assoniative algsbra End(A) (where A has left inverse propevty and oW M-y = (1)
we Teft

-1
...1,;

_ -1 -1
L LL =L -{L "-(L-1."%)
A A s o

c -1 ?
= L —{L lu(&_u—lﬁ—l] (using 2.83)

MO RTH

Lx"[x_l—fxﬂv_l}_l]_l Cusing (2.82).

Applying this eperater te the element 1 yislds

x(vx) = :-c—{x_l—f.x-:-«'_l}_l}

{so Hua's Tdentity actually holds in A itsell!), and our previous operalor
equation simplifies te the left Moufang law

P e = i .
XV OH Ix{yx]




As usnal, we have glikly passad ower the casss == 0, v = {, x—yml =N
when the regquisite inverses don'bk exist., Bur L LI =1L ig trivial 4f
v K w (va)
. -] “lT .
xoryv is 0, and € x=v " then LLL =1L LL =T =1L, L,
' Wy M ¥ ¥ XK =L (i) (v

¥ o' L
I R
Sinca dually vight Moofzng is asfquivalent to right inverse property, and let:

+ right Moufang is agquivalent to alternstivity, we have the charvscterizatiom

of alternative algzebras in terws of inverses which we nromised in Section T.d:

211 (Inwerse Property Theorem) A neonasseciative division ring is alternative

iff 1t hzas the Inverse property (i.a, both left and risht inverse presasrtles). [B

Tn the next section we turn fto showing that for a division alpehkva, lafs
Moufang alone alrealdv implies alternativicy {thus the lelt inverss property

impliss alternativitw).

Homotoapes

tHdven an elemank u in a laft Moufang algehra A we can endow A wilh a naw

{u)

mulrinlicacive structure A . LChe u-l'in-mu‘l'u»pg, of A, by

£2.13) - A wluvl

o i
& fu) {u)

= |_, = 1 o e ] '] = |( r . = |, | 2 = |(|
Sinre L L L, and I T - uf}r N3 .LxLu) \L}'lu}x L, 0 (ady™ LK\LH}P}
(u)

e
ah

we mEe A im asain lefl Houfang:

{u) i () fu)
: = L =LLLL = L
Ixziu) L':‘«;{u:{} u ¥ ouxE U L:{ b
(u) = -fu]L{Lr’]I{u)

(1 - o
L“LTU—'J Cr v L?T(.'{}U(u] v J":{LuL},.rLuLx. u % AR g

{u}

Tf u-is invertible we call A the u—iisc.-i_-gpe of A; here

(2.13) 1 =1



i \ (u) 1
iz the unik for A[uj since L Ej_ =L .qL_ = T and R(EJ_ g
11 11 11 11 1311
We have transitivicy of homotopes
{ v (T
(2.14) (AW}, ()
. ) (v . () (1) : T )
since L{‘ ) () = 'uli j]L( ! = L LLL. =L.L = L( e, and thereicre
® 3 v uow o = Wiy
symuatry in the case of isctopes:
_2_‘
; g u
(2,15) S
) s , ey Ll
Frem this we can coneluds that A i altewnative 1tf its dsotope A is
i
altermnative, For Lf A iz alternative so is any left homntops A‘u}, and
R €15 . e e e . )
it A iz alterpnative zo i3 its left lwomotope Al



-2
Lad

3
L

2.6

[
|
L

ATV.2 Exercises

istablish Propositien 7.2 by Jordan methods as follows, If U_ 1is

v !Dr y o= uzx. ELDH

TU =1, Write v =1 wtoshow U 1l =101 = T. Oonelude
Xy > X vox Xy

]

gurjective anJ sz = x, show U v = %, ny
n

. oA . 2 R 2
U =T foru=0Ux. Show Uu=1x, then T u = a for all a = U h,
u ¥ X g %
2
Deduee that u = th“ is a unit,

Pick any two parts of tha Inverse Thecorem 2.5 and shew directly one

imzlies the other.

. . -],
Tn an slpgsbra with che laft inverse property show directly that x
1, =1
iz the unique twe—sided dnverse of %, and {x ) = .

, ; : -1 -1l.n0 . - -
Nafine the negabtive powers = [x 7} [er an invertible slemont x=.
Show that the rules

T m 11t Il £l LL a1
¥ n =X L = 1 1l = T = =11
- x5 Txn w! x

hold for all (positive or nepuative) intepers. Conclude Lhar Lthe sel

- pal . e H L=<}
of all powers X spans a commutative associative subalgebra ¢[x,x ]

of A,

Shew that if A is & left VWoufang alpebra wilth no proper lonev ideals,

Lhen aither A = &z is trivial or & iz a unital dlvislion zlgebra. In

{n &0 gh =0 is a [ield, sc A is

the former casa show & = ¢/0 (9

a ledimaneional wertor space nver @ and thas has no preoper subspacss at all.

The Nivision Algebra Criteriom 2.6 applies to any Jordan algebra. (L)
Show that if A is a space with & gquadratic map = - Ux of 4 -+ End@{ﬁ]
satisfying Lha Fundamental Formela, show any B = Uxﬂ iz an inner ideal
{in the sense that un_rx::m, and that iT =z ds trivial (T:z = 0) then

= bz 18 fnner. (ii) TC A is unital (with an element L & A satisTying



2.4

[a]

i, = T1, show any clement x with 1 £ ua iz dnvertible {in the sense

Lhat U:'C iz invertible — with inverse ”Y when UFy = x).

Prove dircctly the Hua Identity
-1

T a0y )
-] : 2
when %,v,x—=v  hawve left inversess in an algebra (not necessarily a
division algebral) satisfvine

1-:_11{ = 1= x-i{x}r} = y [or all v.

(n y
fAve a more elzpanl prool that the homotope A7 ! iz zgain left Moulang

along the [ellowing lines., Show A is left Moufang 160 x * L is a
ah

- " T— L - i
howonorphisn A -7 EndfA) of quadratic algebras. BShew a homomcrpinism

1 . ; ¥
A+ B of quadratic algebras induces a homomorphism _-"khg——-‘;.»‘J(F{“]:I of

EN L)

> . : > - A )
quadrabic hemotepes (where x = U v and HE ) - L. LB is

s . (v} *vy i ) C"
associative show B _d*3 2 by =+ xv Is 2 homomorphism of aszocidtive

{kenre also quadratic) algebras. Show that when A is lefl Moufaug

{1 T - ) . '
tlie conposite &'1i—£;£ﬁd{ﬂ}(ﬂil__aau Fnd{a) is a homowmorphism = —+ Li”}

Fag™
; . 2 ; il i e
af quadratic algebras, and deduce Zrom this that il is left Moufang.

{ul

Show x is dovertible fin an disolope A iff L [ Lavertible in A, with

=T e
ke 1(u) _ . 1X 1 )

i is a division aleebra iff A f=s. Show =2

-
3 LU
;1 conclude A

.

- . . . . . e (a1
left, rvivht, or btwo-sided ideal B of A remains sznch in any hometope A :

)

. {1 . :
concluwle an isotope A fas the samze one or two=sided ddeals as A, In

particular i3 aiwple or has d.z.o. 1i£f A daooo.

lafine a rtj]h{_- Hahb‘bope. Al'v]r.';-r a left Moufang aleebra 4 by

BB {xw)y.
(v] pl¥] Iv]
% ps X
[v]

Find exprassions for the cperaters L and Tor the commulbater

[v - w i1
[x,y]L ] and asscclator [x,y,z]rfl. Show 4 naad not even be powsar



e I

Tar 1 9
v . 2 -
associative: [x,x,x][ 1. [zv,x,v]lx = {lv,s" ,vl-xlv,z,v]lx needn't

wanisgh 1f A dis left Moulang hut net alternative. [To sce this more

] v ] _
clearly, note [.‘l..l,x]'”+[1,:c__1][1*J+[x‘1,]_]|vf' = 2[v,x.v]. s¢ choose 3

) o s o woe . vl
axamnle of characteristic = 2]. I[ v is Invertible show A has

1

4 vl =1 : [l =i]. ;
unit 'I_[ SR I i R 4 = e R1 Linowhich case ;[ T = w T p plve an exanple
L _,

] -]

o ""."' A LN e ;
whera _-";l iz not wnital (thoangh v is alwaws al least a laefl unie).

|1J_.:__|_w] = A[{mﬂuj iff l'{u'“; I Tf A is wunilal =how

Show 1A I = H .
' 2 wow Sl

A9 s e wERvEGIEE IR TVLALNTEE,
. " {u,w) ; : " i v
Nefine a (two-gided) homotope A v fiad exprassions Tor T i

(ugw) g W W, v ; s . = .
T ,H{ ) }, |_:§,:;.r.:-_‘.j[‘ S Find conditions fur axislence ol 2 unit,

rrL{u,v] .

Find neccessary and sufficisnt conditicons that be agaln laft

-

alternative or left Moufanp.

unlial



